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1. The Problem of Instrumental Observing Speed

. There are some scientific problems for which a large single antenna and an
array of smaller antennas can be used t0 make comparable scientific
observations. Many of the discussions of the 1nstrument to replace the 300ft
that took plaee Dec. 1a2, 1988 involved comparison of the capability of single
dishes and arrays. It therefore is useful to make a quantitative comparision
of these two typee of instruments. In this comparison we will consider only
the question of the onwsource 1ntegration times needed to attain certain rms
noise levels for a beammswitch single antenna compared with a correlated array

of N antennas. Limitations due to source confusion will be discussed later.

2. Quantitative Analysis of Observing Speed

' In order t0 make the‘analysis quantitative we need to define a number
of variables. Let
kg = Boltzmann constant
Av = frequency bandwidth
A = wavelength of observation
N = number of antennas in an array
Ny eams = number of beams for multimbeamed single antenna
D1,Dn = Diameter of large single dish and the neth array antenna
Ti'Tn = System temperature for single dish and nath array antenna
k3 oKy
ﬁ = diameter of packed array of N antennas

= (A/D ) » 8, = (A/Dn)2 beam solid angles for single dish and nsth ant.
= ND2/B2 = filling factor for array '
= (A/B ) = (f‘N/N)-(A/Dn)2 = synthesized beam solid angle for array

= gensitivity equation coefficients for single dish and array

o
Q = solid angle for a large source greater than antenna beam solid angle
€40 €, = efficiency factors for single dish and nesth array antenna

(with quantization and other effects included for the latter case)

] mz«—a

T,y Ty = integration time per field

1 N
1?, r; = integration time for observing Qs (many fields)



and we can then write the sensitivity equation for the rms flux density per
beam for a single beam#switched antenna as (ef. Christiansen and Hogbom, 1984)
8-kB-T

AS, = 5 ! » (1)
. e1Zw-D1°/(Av°t1) )
and the comparable equatién foé an arréy of N correlated antennas as
8-k -T
AS, = . (2)

N

€y*meD °/[Av-1 -N(Na1)]

N
where we will hereafter use the approximation N = /[N(Nﬁ1)] to simplify things.

2.1 Surface Brightness Sensitivity
h Equations (1)=(2) are appropriate for discussions of point source
ensitivity. In‘order to discuss surface brightness sensitivity we need to
divide these equations by 2<k /A times the appropriate beam solid angle for
the single dish (91) and the array (QB), respectively. Using the simple
formulas for these'beam 80lid angles we then have

M-T
AT, = (3)
-w-/(Av 1 )
for a large single dish a&d
R-Tn
ATy = . (4)
fN-en-n-/(Av01n)

for the array of N antennas.

Equations (3)5(4) représent simplications of the the very complicated
problem of surface brightness sensitivity for aperture synthesis arrays.
For this reason let us discuss a simplified form of the comparision of SUrface
brightness sensitivity for single antennas and packed arrays with filling
factors (f ) of the order of 0.3®0.5. The simplification that we will assume
is that both antenna sensitivity patterns and umv sampling for arrays can be
approximated by simple gaussian functions.

The sensitivity pattern for a single'antenna is then

P (0,6,) = expl4-1n(2)-(6/6,)%] (5)

where OH is the halfwpower beam width. The distribution of spatial frequencies



sampled by an antenna with a gaussiam sensitivity pattern is given by the 2-D
Fourler transform, which is a Hankel transform of Pant‘ If we defilne
q= /(u2+v2) then the the (normalized) sensitivity in the spatial frequency

domain is

n(q,6,) = exp{r(n-a-6,)°/[4-1n(21} . (6)

In Figure ? we plot n1(q) = n(q,e1) and nn(q) = n(q,en), for a single large
antenna with D1 = ?28‘meters and the n#th array anfenna with a diameter Dn = 32
meters, as a function of q+A. If we assume that the array consists of N = 16
antennas with a design giviné a gaussian synthesized beam such that eB = A/éN,
where By = 256 meters,

then the spatial frequency sensitivity of the array 1s given by

2
nB(q) = fN-n(q.eB) = fN-expgw(n-q-eB) /[4.1n(2)]} if q 2 2/8 -
=0 1f q < 2/8g.

where fN is the filling factor. This function is plotted (as filled triangles)
in Figure 1 for a series of equally spaced sampling intervals. However, this
distributién of sampling in spatial frequencies does not 1nclﬁde the effects of
the antenna beam distribution for each the antenna in the array. A correct
simulation of the real situation would involve taking the discréte sampling of
a source in the sky using nB(q), transforming the visibilities obtained back to
the image domain, multiplying by the antenna beam for each array antenna, then
transforming back to the spatial frequency domain. This is equivalent to
convolving the discrete sampling distribution of ﬁhe array (nB) by the sampling
distribution for each array antenna (nn), as plotted in Figure 1 in the form of
a onemdimensional approximation that we have labeled nBconv‘

The point of the above discussion is that true surface brightness
sensitivity is described by the n{q) distribution functions. Equations (3) and
(4) are applicable to ONE of the the spatial frequencies being sampled = that
which correspond to the n(q) = 1/2 point in a gaussian distribution. For the
single antenna case this 1is weli defined, but for the array case thé

sensitivity pattern n (q) ranges from 0 at q = O (the infamous "missing

Beonv
zero spacing"), to values increasing up to roughly the filling factor at
q = 2/en, to values close to the idealized gaussian distribution for larger q.

The differences between the curves in Figure 1 are lmportant because they



define the sense in which an array can or cannot "do the same" spatial
frequency sampling as does a large single antenna. The complete comparison of
a packed array with a large single dish involves éomparing the n1(q) curve with
BOTH the np . (q) for visibility data obtained with the array and the n.(q)
for "single dish data" obtained from the array antennas. The latter is
obtained by either making use of autorcorrelation data 6r using the antennas in
"single dish" observing modes. The nearrequivalence to the large single
antenna case is obtained ONLYAwhen the array is ussd in both aperture synthesis
mode and one of the two modes of sampling the "zero" spacing.

Having discussed the special problem of comparing surfaée brightness
sensitivity for single antennas and arrays, let us return to the simple
analysis based up Equation (1)e(4) where, for surface brightness, only one

"main" spatial frequency of éampling is considered.

2.3 Single Field Problems
- When the scientific problem requires a certain minimum noise level, one

simply solves Equations (i)#(u) for the required observing time for that

field, 1.e. ‘

BlUe(k_ oT, )2 1612
) B "1 . 1
T.l = 2 ' ~. 2 - ] (8)
(w-D1-e1-AS1) *Av (n-e1-AT1) *Av
for the case of a large single dish; and )
64 (K. oT, )2 1612
B N . N
™~ 2 2 = 2 (9)
(w-N-DN-eN-ASN) *Av (w-fﬁeN-ATN) *Av

for the case of an array of N antennas. The relative speed of a single dish
compared to an array, for point source detection problems in a single fleld, 1is
then
2 2 .2 4
T1/TN = (en/e1) -(T1/TN) *N -(DN/D1) (?0)
and for surface brightness measurements of a single field
2 2 .2
11/1N = (en/e1) '(T1/TN) va . (??)

If one poses thé problem in-terms.of a single dish vs an array with the same

collecting area, then N-Di = Df, and Equations (10)=(11) become

2 2
11/1N - (en/e1)4°(T1/TN) (!2)



and
T, /1, = (e /¢ )2°(T /T )2-f . (13)
1°°'N n" 1 1"°N N . .
Based upon expefienee with ﬁacked.arrays studied as part of the Millimeter
Array design, it should be possible to attain r = 0.4,

Equations (10) and (12) show that, for single field, point source problems
the single dish and array are comparable if efficiencies, system temperatures,
and collecting areas are comparable; however, if, as is current practice,
single dish receivers have lower system temperatuﬁ%s, then the advantage 1s
with the single dish. Equations (11) and (13) further illustrate the wells
known fact that unfiiled aperture iﬁstrumenis are poorer at surface brightness
measurements, making this one of the strongest advantages of the single dish

approach.

2.4 Large Field Problems

' When the scientific problem requires that one image a source with a solid
angle Qs' which is much larger than the field of a single antenna beam, the
number of required antenna beam pointings affects the total integration time
needed. The source integration time, for sampling two points per beam, then

beeomeé
2
s 4+2,-D7 1y
T, = : (14)
1 A2-N .
beams
for a single dish multirbeamed with Nbeams' and
4.q D21
s s NN
T, - ———— (15)
N A2 .

for an array.
The relative speed at which instruments achieve a specified nolse level
in Qs is then

8, 8 2 2 .2 2

T1/TN = (en/e1) '(T1/TN) N -(DN/D1) /Nbeams (16)
and for surface brightness ﬁeasuréments

s, 8 2 2 .2 2 , 2

T/t " (en/e1) '(T1/TN) N ~(D1/Dn) “fx Noeams . (?7)

If one poses thé problem 1n'terms.or a single'dish vs an array with the same



collecting area, then N-Dﬁ = Df,

source and point sowrce cases,’

so Equations (16)=»(17) become, for the large

8, 8 2 2
TI/TN = (en/e1) .(T1/TN) *N/N (18)

beams

and for large séurce and suﬁface Srightness measurements

s, s 2 2 2
TllTN = (en/e1) (T1/TN) fN N/Nbeams . (!9)
Equations (16)=(19) show that unless one has Nbeams of the order of N, the
advantages for large fleld problems shifts to the Backed arrays because of the

larger antenna beams.

2.5 Source Confusion

' There is another factor that limits the effectiveness of the singie dish
approach = the well known source confusion problem. There is some point when
increased integration time brings the rms noise 1e§e1 down to a level where
'ﬁhere is a high probability of multiple sources in the antenna beam. For the
single dish approach that‘strongly limits the flux level to which observations
can be made for many scientific problems. However, for arrays used for
aperture synthesis imaging, the confusioh limit is set by the synthesized beam
size which is much smaller. This means that much work at the lower flux levels
is severely limited with single dishes and done more advantageously with

arrays.

2.6 Other Limitations on Integration Time

‘ It is well know that many single dishes are severely limited in useful
integration time. For spectroscopic work this is not important, but it is a
major limitation'for continuum work. This limitation occurs whenever the
antenna/feed "sees" other systematié sources of radio emission besides the
radio sky and atmosphere. "Clean" designs for antenna and optics should be
capable of reducing the éffects of this problem. Packed arrays are not
significantly affected by this problem when opefating as correlation arrays.

3.0 Conclusions
In the final analysis the choice between a single dish and a packed array
approach, where both have eodparable collecting area, depends upon the emphasis



upon which scientific problems are the primary goal. For point source, single
field problems (where the confusion limit is not a factor) there is a slight
edge for the single dish because system temperatures are likely to be lower.
This factor also means less collecting area in a single dish may be chosen .
without giving the advantage back to the arrays. For large field, point source
problems the packed arrays will have the speed édvantage unless the single dish
is multisbeamed to the point where N/N beams ™ 1. Emphasis on problems
measuring surface brightness introduces a factor of f advantage for the single
dish approach. On the other hand, weak source problems are fundamentally
limited by soﬁrce confusion in the single dish approach.

In this discussion we have not mentioned the operaﬁional aspects of the
single dish vs the packed array approach. There is no doubt that arrays are
more expensive to operate. There is a136 no doubt that the computing problems
for arrays are more expenéive to solve.

The objective of this memo is to duantitatively analyze the speed
advantages for single dishes vs packed arrays. The answer is ambiguous in the
sense that the advantage goes to one concept 6r the other depending upon the
problem being posed. This, and the operational factors, make the final cholce
primarily dependent.upon a combination scientific choices and
technical/budgetary considerations.

Special thanks are due to Robert'Braun and Tim Cornwell for extensive
discussions and clarifying the importance of comparing spatial frequency

sampling for arrays and single dishes
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Figure 1 4 The normalized spatial frequency sampling fumetion, n(q), is
plotted as a funtion of gqei for: (n1) a single dish with D, = 128 meters; (nn)
the nath single dish (of diameter D, = 32 meters) in a array; (nB) discrete

sampling for an array; and (n ) the effective sampling for an array.
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